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Connectedness in graded
ditopological texture spaces

RAMAZAN EKMEKCI

ABSTRACT. The aim of this paper is to introduce two different types
of connectedness notions for graded ditopological texture spaces: the
connectedness function which gives the grade of connectedness of a set
and the connectedness spectrum by means of spectrum idea. Also, the
properties of these connectedness notions and their relationships with
the connectedness notion in ditopological case are investigated. Further,
the relation between these two different types of connectedness notions
is studied.

1. INTRODUCTION AND PRELIMINARIES

Fuzzy topological spaces were introduced by C. Chang in 1968 [7]. How-
ever, in this structure a fuzzy subset is open or not. Then Sostak and Kubiak
independently gave a new definition of fuzzy topology where a fuzzy subset
has a degree of openness [13,14, 16].

L. M. Brown has presented ditopological texture spaces as a natural
evolvement of [11]. The notion of ditopology is more general than general
topology, bitopology and fuzzy topology in Chang’s sense. Some essential
studies on texture spaces and ditopological texture spaces can be reached
from [1-5,10,17].

The concept of connectedness has crucial roles for investigating topolog-
ical structures and so far, they have been studied in numerous topological
settings by several authors. Chaudhuri and Das introduced this concept for
fuzzy topological spaces in [8], and later it has been presented for ditopo-
logical texture spaces in [9].

_ The theory of graded ditopology has been introduced by Brown and
Sostak in [6] and this structure is more comprehensive than both fuzzy topol-
ogy presented independently by Sostak in [14], Kubiak in [13] and ditopology
given in [1,2]. In this theory, it is not mentioned whether an element of a
texture is open (closed) or not. Openness and closedness are rather defined
as independent grading functions. So, the theory of graded ditopologies
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provides a different and wider perspective. Yet the generalizations of some
properties in the theory of ditopological spaces to this theory are not valid
as a matter of course.

In this paper, two different types of connectedness notions for graded
ditopological texture spaces are introduced in accordance with the connect-
edness notion in ditopological texture spaces given in [9]. Firstly, we present
the concept of connectedness function which gives the grade of connected-
ness of a set to us. Afterwards, through spectral theory, as in [12, 15, 16],
connectedness spectrum of a set is given. Also, the properties of these con-
nectedness notions and their relationships with the connectedness notion in
ditopological case are investigated. Further, the relation between these two
different types of connectedness notions is studied. Our basic motivation is
to fulfill some missing parts in the theory of graded ditopologies in accor-
dance with the theory of ditopological spaces and comparatively investigate
their propersies.

Ditopological Texture Spaces [1,3,4]. Let Y be a set and Y C P(Y)
with Y, € Y. Y is called a texturing of Y and (Y,)) is called a texture
space, or simply a texture if the following conditions hold:

(1) (¥,C) is a complete lattice which has the property that arbitrary
meets coincides with intersections and finite joins coincide with unions.

(2) Y is completely distributive, i.e., for all index sets I, for all ¢ € I if
J; is an index set and if A] € Y then

i .
V4=V N4
iEIjEJi ’YEHZ'JZ' iel
(3) Y separates the points of Y, that is, if y1,y2 € Y with y; # y2 then
there exists A € Y such that y; € A, yo & Aoryo € A, y1 € A.

In general, a texturing of Y may not be closed under set complementation.
However, if there is a mapping o : Y — ) satisfying o(c(A)) = A and
AC B=0(B) Co(A) forall A, B €Y then o is called a complementation
on (Y,Y) and (Y, ), 0) is called a complemented texture.

The p — sets given by Py = (\{A € Y |y € A} and the ¢ — sets given by
Qy=V{Aec)Y|yg A} =V{P,|ueY,y¢gP,} are essential to define
several concepts in a texture space (Y,)).

A texture (Y,)) is called a plain texture if it satisfies any of the following
equivalent conditions:

(1) P QyforallyeyY
(2) A= \/iEIAi = UiEIAi for all A; € V,iel

For a set A € ), the core of A (denoted by A") is defined by
A= Jlilient {4 liency, A=\[{Ai|ieT}}.
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Theorem 1 ([3]). In any texture space (Y,Y), the following statements hold:

(1) y%AiAQQyijAbforallyEY,Aey.

(2) A ={y| AL Qy} forall Ac .

(3) For Aj €Y, j € J we have (\ ¢, Aj) = Ujes Ag-.

(4) A is the smallest element of Y containing A® for all A€ Y.

(5) For A,B €Y, if A ¢ B then there exists y € Y with A ¢ Q, and
P, ¢ B.

(6) A=({Qy| Py L A} forall Ae .

() A=V{P) | AL Qy} forall Ac .

Example 1 (|3]). (1) If P(X) is the powerset of a set X, then (X,P(X))
is the discrete texture on X. For z € X, P, = {z} and Q, = X \ {z}. The
mapping 7x : P(X) = P(X), nx(Y) = X \Y for Y C X is a complemen-
tation on the texture (X, P(X)).

(2) Setting I = [0,1], J = {[0,r),[0,7] | r € I} gives the unit interval texture
(I, J). For r € I, P, = [0,7] and @, = [0,7). And the mapping ¢ : J — 7,
[0,7] =1[0,1 — r), t[0,7) =[0,1 — r] is a complementation on this texture.
(3) The texture (L, L, \) is defined by L = (0,1], £ = {(0,7] | » € [0, 1]},
A((0,7]) = (0,1 —7]. For r € L, P. = (0,7] = Q,.

(4) ¥ = {0,{a,b},{b},{b,c},Y} is a simple texturing of ¥ = {a,b,c}.
P, = {a,b}, P, = {b}, P. = {b,c}. It is not possible to define a com-
plementation on (Y,)).

(5) If (Y,)),(Z,2) are textures, the product texturing Y ® Z of Y x Z
consists of arbitrary intersections of sets of the form (A x Z) U (Y x B),
Ae€eY,Be Z and (Y x Z,Y ® Z) is called the product of (Y,)) and
(Z,2). ForyeY,z€ Z, Py, = Py x P, and Q) = (Qy x Z)U(Y X Q).

Definition 1 ([3]). Let (Y,)) and (Z, Z) be textures. Then

(1) re P(Y)Ei) Z is called a relation on (Y,Y) to (Z, 2) if it satisfies
rg—g(yaz)vpy/ ng:rgQ(y/7z)' -
rZ Q(y,z) = Iy € Y such that Py € Q,y and r € Q(v/, 2).
(2) ReP(Y)® Z is called a co-relation on (Y, ) to (Z, Z) if it satisfies
(CR1) P(y,2) ¢ R, P, & Qy = Py,2) ¢ R. B
(CR2) P(y,z) € R= 3y €Y such that Py ¢ Q, and P(y',z) € R.
(3) A pair (r, R), where r is a relation and R a co-relation on (Y,)) to
(Z, 2) is called a direlation on (Y,)) to (Z, Z).

P
P

For a texture (Y,)) the identity direlation (i(y,y), I(y,y)) is defined by
ivy) = VI{P(y.y) |y €Y} and Liyy) = {Q(y,y) |y € Y’}
For ACY, r7A = {Q: | Vy,r € Q) = A C Qy} is called the

A-section of r and R7A = \/{P. | Yy, P(,.) £ R = P, C A} is called the
A-section of R.
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For B C Z, r“B = \/{P, | Vz,r € Q(,.) = P. € B} is called the
B-presection of r and R“B = ({Qy | Vz,P(,,) £ R = B C Q.} is called
the B-presection of R.

Proposition 1 ([3]). If (r,R) is a direlation on (Y,Y) to (Z,2
7 (Mier 4i) = Vierm7 4, B7(Nier 4i) = Nier B A4, T(_(mjeJ
ﬂjGJT‘_Bj and R‘_(\/jEJBj) = \/jGJPJ_Bj for any A; € Y, Bj € Z,
icl jel.

Definition 2 ([3]). A direlation (f, F) from (Y,)) to (Z,Z), is called a
difunction from (Y,)) to (Z, Z) if it satisfies the following two conditions:

(DF1) Fory,y €Y, P, € Qy = ﬂzE Z with ]:g @(%Z) and ?(y/@ ¢F.
(DF2) For 2,2/ € Zand y €Y, f € Q) and Py .n € F = P € Q..

(f,F) is called surjective if Vz,2/ € Z P, € Qy = JyecY with f &
Q) and Py, .y € F. (f,F) is called injective if Vy,y/ €Y, z€ Z (f &
Q(y,z) and P(y’,z) g F) = Py ,¢_ Qy"

In particular, the identity direlation (iy, Iy) is a difunction on (Y, )).

Proposition 2 ([3]). For a difunction (f,F) from (Y,Y) to (Z,Z), the
following properties are satisfied:

(1) f©*B=F*“B for each B € Z.

(2) fCO=F0=0and fC*Z=F“Z=Y.

(3) ACF<(f7A) and f7(F*B)C B forallAc )Y, Be Z.

(4) If (f, F) is surjective then F7(f*B) = B = f7(F"B) for all

BeZ.
(5) If (f, F) is injective then F* (f7A) = A= f=(F7A) forallAe ).

A ditopology on a texture (Y,)) is a pair (7, k), where 7,5 C ) and the
set of open sets 7 satisfies

(Tl) S, her
(Tg) G1,GoeT=G NGy eT

(T3) GieTicel =\,GieT
and the set of closed sets x satisfies
(CTl) S, 0er
(CTQ) K ,Koern=K UKy €k
(CTg) K,eriel = ﬂle € K.
In this case, (Y, ), 7, k) is called a ditopological texture space. So a ditopol-
ogy can be considered as a “topology” in which there is no need for a relation
between the open and closed sets to exist [1].

Let (Y,Y) be a texture and D CY with D # (). {4, B} C P(Y) is called
a partition of D if AND # 0, D¢ Band AND=BND |9].

Let (Y, ), 7, k) be a ditopological texture space and D C Y. D is called
connected if there is no partition {A, B} with A € 7 and B € & [9].
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Graded Ditopological Texture Spaces [6]. Consider two textures (Y, ))
and (Z, Z). A graded ditopological texture space is a tuple (Y, Y, T,K, Z, Z)
where the mappings T,K : Y — Z satisfy following conditions:
(GT) TY)=T(0) =2
(GTQ) (Al) N T(AQ) - T(Al N AQ) VA1,Ay €)Y
(GT3) Nyjes T(A) STV e  Aj) VA €X,5€
(GCT) KY)=K(0)=2Z
(GCTQ) (Al) n K:(Ag) C ]C(Al U AQ) VAl, Ay ey
(GCT3 m]GJIC< ) < ,C(QJEJ ) VA € y,] €J

In this case 7 is called a (Z, Z)-graded topology and K a (Z, Z)-graded
cotopology on (Y,Y). For z € Z it is defined that

T"={A€Y|P.CT(A)} K*={A€Y|P. CK(A)}.

So (T7#,K?) is a ditopology on (Y, ) for each z € Z. Namely, if (Y, Y, T, K,
Z, Z) is a graded ditopological texture space, then there exists a ditopolog-
ical texture space (Y, ), T#,K?) for each z € Z.

Let (Yi, Vi, Tk, Ky Zk, Z), k = 1,2 be graded ditopological texture spaces,
(f, F) : (}/1,))1) — (Yg,yg), (h,H) : (Zl,Zl) — (ZQ,ZQ) difunctions. For
the pair ((f, F), (h, H)), (f, F) is called continuous w.r.t. (h, H) if H< T3(A)
C Ti(F<A)VA € ), and cocontinuous w.r.t. (h, H) if A ICo(A) C K1 (fTA)
VA € YVo. If (f,F) is continuous and cocontinuous w.r.t. (h, H) then it is
said to be a bicontinuous difunction w.r.t. (h, H).

Example 2 ([6]). Consider the discrete texture (Z,2) = (1,P(1)) (The
notation 1 denotes the set {0}) and takes a ditopological texture space
(Y,Y,7,k). Then the mappings 79,9 : ) — P(1) defined by 79(A) =
1< Aerand k9(A) =1 < A € k form a graded ditopological texture
space (Y,V,79,k9, 7, Z). In this case (79,k9) is called a graded ditopol-
ogy on (Y, ) corresponding to ditopology (7, k). Thus graded ditopological
texture spaces are more general than ditopological texture spaces.

-
T
N

2. MAIN RESULTS

Definition 3. Let (Y, Y, T,K, Z, Z) be a graded ditopological texture space
The function €on : P(Y) — Z defined by

Con(D) = ﬂ{Qz |JA € T7 3B € K* : {A, B} is a partition of D}

forall D € P(Y), is called connectedness function of the graded ditopological
texture space (Y, ), T, K, Z, Z). €on(D) is called the grade of connectedness
of D.

Proposition 3. Let (Y,V,T,K, Z, Z) be a graded ditopological texture space
where the texture (Z, 2) is plain. Then we have

Con(Y)=Z VA Y\ {0,Y} T(A)NK(A) =0.
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Proof. (=) : Suppose that there exists a set D € Y\ {0, Y} such that 7(D)N
K(D) # (). So there exists an element z € Z such that P, C T(D) N K(D)
and this implies D € T?, D € K*. Besides, {D, D} is a partition of YV
because D #Y, D # 0, DNY # 0 and Y ¢ D. Thus we have

Con(Y) = ﬂ{Qt |3Ac 7' 3B e K' : {A, B} is a partition of Y} C Q..

Since (Z,Z) is plain we have z ¢ @, and so Z ¢ Q. By considering
Con(Y) C Q. and Z € Q., we get Con(Y) # Z.
(<) : Suppose that Con(Y) # Z. So we have

JteZ3AeT'IBeK' : {A, B} is a partition of Y
because otherwise, it would be €on(Y) = Z by Definition 3. Also ,since
{A, B} is a partition of Y, we have A = B, A # (), A # Y. By considering
AeTtand B € K! we get P, C T(A)NK(A) and so T(A)NK(A) #0. O
Proposition 4. Let (Y, Y, T,K,Z, Z) be a graded ditopological texture space

where the texture (Z, Z) is plain. If for every a,b € Y with a # b there exists
a set D € P(Y) such that a,b € D and P, C Con(D) then P, C Con(Y').

Proof. Let the hypotesis be satisfied. Assume that P, ¢ €on(Y). Then we
have
JteZ (3AeT'IBeK' : P, ¢ Q, and {A, B} is a partition of Y)
by Definition 3. Since {4, B} is a partition of Y, we have A = B, A # ()
and A #Y. So, if we take a € A and b € Y \ A, then we have
ADCY :a,be D and P, C Con(D)

by the hypotesis. Also since P, € Q; we get P, C P, C €on(D). Considering
AND # 0 and D ¢ A we conclude that {A, A} is a partition of D. Since
AeTtand A= B € Tt we get €on(D) C Q. Since P, C €on(D) and
Con(D) C Qy, we get P, C Q. However, this gives a contradiction because
the texture (Z, Z) is plain. O

Theorem 2. Let (Yi, Vi, Ties Kk, Zis Z) k=12 be graded ditopological texture
spaces such that (Z1,21) and (Z2,22) are plain. Let (f,F) : (Y1,)1) —
(Y2,d4), (9,G) : (Z1,21) — (Z2, 22) be surjective difunctions. If (f,F) is
bicontinuous w.r.t. (g,G) then

Q:Ol‘l(Yl) =71 = €on(Y2) = Zs.

Proof. Let €on(Y1) = Z; and suppose that Con(Y2) # Zs. Then, we have
T2(A) N K2(A) # 0 for some A € Yo\ {0, Y2} by Proposition 3. Therefore,
we get

Jzg € Zy : P, CTa(A) and P,, C Ka(A).

Since (f, F') is bicontinuous w.r.t. (g,G) and (g, G) is surjective we have

0#9"(P:) € g (T2(4) S Ta(f (4))
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and

0# 97 (Py) € g7 (K2(A) C Ki(f7(A)).
That is, T1(f<(A)) NK1(f(A)) # 0 and f<(A) € V1. Also, since (f, F) is
surjective, A # () and A # Yo we get f<(A) # () and f(A) # Y;. Therefore
using Proposition 3, we obtain that Con(Y;) # Z; which contradicts with
Con(Y7) = Z;. Hence, we get Con(Yz) = Zs. O

Definition 4. Let (Y, Y, T, K, Z, Z) be a graded ditopological texture space
and D C Y. The family defined by
Seon(D) ={P, | 2¢{t€ Z|3AcT'3B €K' : {A, B} is a partition of D}}

is called the connectedness spectrum of D.

Proposition 5. Let (Y, V,T,K,Z, Z) be a graded ditopological texture space
where the texture (Z, Z) is plain. Then, we have

P, C €on(D) = P, € Sgon(D)
forall D CY.
Proof. Let P, C Con(D) and suppose that P, ¢ Sgon(D). Thath way, we
have a partition {A, B} of D for some A € 7% and B € K?. This implies

Con(D) C Q.. Since P, C Con(D) we get P, C Q. However, this gives a
contradiction, because the texture (Z, Z) is plain. O

Theorem 3. Let (Yi, Vi, Ties Kk, Zis Z) k=12 be graded ditopological texture
spaces. Let (f,F) : (Y1,M1) — (Ya,d2), (9,G) : (Z1,21) — (Z2, 22) be
difunctions. If (f, F) is bijective and bicontinuous w.r.t. (g,G) then
le € S@onl (D) = Pz2 S S@ung (FHD)

for all D € P(Y1), where P,, € Z1, P,, € Z5 with P,; C g* P,,.
Proof. (=) : Suppose that P,, ¢ Seon, (F'~" D). Hence, we have

JA € 772 3B € K3 : {A, B} is a partition of I’ D.
Since A € 752 and B € K3? we get P,, C T2(A) and P, C Ko(B). Using
the bicontinuity of (f, F)) w.r.t. (g, G) we obtain

Py C g™ (Py) = G (P,) € G (T2(A)) € Ti(FTA)
and

Py C g™ (Psy) € g™ (K2(B)) CKi(f7B).
That means F"A € 7" and f< B € K.
Now, since { A, B} is a partition of F~ D, we have ANF~D # 0, F”"D ¢

B and ANF7D = BN F7D. Considering AN F~D # (), Proposition 1
and Proposition 2, we get

D#fT(ANFTD)=(fTANfT(F7D)C fT(AND
and thus f<(A)ND # .
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Since F7D ¢ B, we have F7D ¢ Q; and P; ¢ B for some t € Z by
Theorem 1 (5). This implies P, € F7D and P, ¢ B. Also P, C F7D
implies f< P, C f<(F7D) C D. On the other hand, we have f< P, ¢
/¥ B because otherwise, f< P, C f< B would imply P, C F7(f<P,) C
F~7(fB) = B (since (f, F) is surjective) and so P, C B, which contradicts
the fact P, ¢ B. Thus, we have f< P, C D and f< P, ¢ f< B and therefore
D¢ f<B.

Since (f, F') is injective, we have f<(F~D) = D. So, considering A N
F7D=BNF"D we get

JT(ANF7D)=f"(BNF’D)= fCANfT(F"D)=f"Bn f~(FD)
— fCAND = f<BND.
Hence, {f< A, f© A} is a partition of D and so P,, ¢ Seon, (D). O

Example 3. Let (Y, Y, 7, k) be a ditopological texture space and (Y, Y, 79, k9,
Z, Z) be the graded ditopological texture space corresponding to (Y, YV, 7, k).
That is, (Z,2) = (1 = {0}, P(1) = {0,1}) is the discrete texture on a sin-

gleton and
1, Aer;
g A — 9 Y
T {@, AT
1, A€k
g A — ) i
A {@, Adr;

for all A € ). In this case, a set D € ) is connected in ditopological texture
space (Y, ), 7, k) if and only if €on(D) = Z in graded ditopological texture
space (Y, Y, 19, k9,7, Z).

Example 4. Let (Y,),T,K,Z, Z) be a graded ditopological texture space
and D € ). In this case,

D is connected in ditopological texture space (Y, ), T, K?) < P, € Sgon(D)
for each z € Z.

Example 5. Let (Y,Y = P(Y)) and (Z,Z = P(Z)) be discrete textures
with Z = {1,2,3,4} where Y has more than one element. If we define
T,K:Y— Z by

Z, A=0orA=Y;

{3}, otherwise;

T(A) = {

Z, A=0or A=Y;
K(A) = .
{3,4}, otherwise;
for all A € ), then we have a graded ditopological texture space (Y, Y, T, K, Z,
Z). Alsowehave T3 =Y =P(S), T  =T?=T*={Y, 0}, K3 =K* =Y =
P(9), K' = K% = {Y, 0} since P, = {1}, P, = {2}, Py = {3}, and P, = {4}.
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Now, let D € ) be a set which has more than one element. If we define
A = {d} for an element d € D, then {A, A} is a partition of D. Also we
have A € T2 and A € K3. Hence, we get €on(D) = Q3 = Z\ {3} = {1,2,4}
and Sgon(D) = {P1, P2, Py}

3. CONCLUSION

In this paper, two different types of connectedness notions for graded
ditopological texture spaces are introduced in accordance with the connect-
edness notion in ditopological texture spaces given in [9]. Firstly, we present
the concept of connectedness function (see Definition 3) which gives the
grade of connectedness of a set. Afterwards, through spectral theory, con-
nectedness spectrum of a set is given (see Definition 4). Also, the properties
of these connectedness notions and their relationships with the connected-
ness notion in ditopological case are investigated.

The concept of connectedness function is stronger than the concept of
connectedness spectrum (see Proposition 5). However, it has some disad-
vantages in the theory of graded ditopological texture spaces. For instance,
generalizations of several properties in ditopological case to the graded di-
topological case are valid if the texture (Z, Z) is plain for the graded ditopo-
logical texture space (Y,),T,K,Z, Z) (see Proposition 3 and 4, Theorem
2). On the other hand, the concept of connectedness spectrum works better
than the concept of connectedness function (see Theorem 3). However, the
concept of connectedness function is smoother than the concept of connect-
edness spectrum.

Building connectedness setting in the theory of graded ditopological tex-
ture spaces can be beneficial to study in this theory. It can also serve to dis-
cover new properties in the theory. Considering the interrelations among the
structures graded ditopological texture spaces, ditopological texture spaces,
fuzzy topological spaces, nearness structure on texture spaces, this research
has the potential to improve the related study fields.
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